We investigate generation of exchange magnons by ultrashort, picosecond acoustic pulses propagating through ferromagnetic thin films. Using the Landau-Lifshitz-Gilbert equations we derive the dispersion relation for exchange magnons for an external magnetic field tilted with respect to the film normal. Decomposing the solution in a series of standing spin wave modes, we derive a system of ordinary differential equations and driven harmonic oscillator equations describing the dynamics of individual magnon mode. The external magnetoelastic driving force is given by the time-dependent spatial Fourier components of acoustic strain pulses inside the layer. Dependencies of the magnon excitation efficiencies on the duration of the acoustic pulses and the external magnetic field highlight the role of acoustic bandwidth and phonon-magnon phase matching. Our simulations for ferromagnetic nickel evidence the possibility of ultrafast magneto-acoustic excitation of exchange magnons within the bandwidth of acoustic pulses in thin samples under conditions readily obtained in femtosecond pump-probe experiments.
I. INTRODUCTION
The discovery of ultrafast laser-induced demagnetization in ferromagnetic nickel in 1996 [1] opened new booming field of femtosecond laser manipulation of magnetization [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . Depending on a mechanism, magnetization dynamics induced by a femtosecond laser pulse can be sorted into the following categories: (i) thermal effects [3, 13] , (ii) magnetooptical effects [22] , (iii) magnetoacoustic effects [15, 18, 19, [23] [24] [25] [26] [27] and (iv) spin transfer torque [28] [29] [30] [31] . Despite of the facts that the spin transfer torque is an efficient mechanism to drive coherent magnetization dynamics in ferromagnet through ultrashort pulses of spinpolarized electrons propagating in noble metals for several tens of nanometers before they lose their spin polarization [32] , acoustic pulses can propagate over much larger distances before they vanish. Picosecond acoustic pulses generated by femtosecond laser excitations [25, [33] [34] [35] can drive the small-angle precession of ferromagnetic resonance (FMR) in various ferromagnetic samples [15, 19, 23, 24] . Experimental configurations using fs-laser excited periodic acoustic transients [21, 26, 27] can be used to resonantly enhance the amplitude of FMR precession angle. Previous experimental work on ultrafast magnetoacoustics by Kim and co-workers [20, 21] demonstrated the possibility to control the ferromagnetic resonance (FMR) [36] by a series of ultrashort, picosecond acoustic pulses. The theoretical treatment based on the phenomenological analysis of Landau-Lifshitz-Gilbert (LLG) equations accounting for some selected terms of the thermodynamic free energy density F (the magnetocrystalline and magnetoelastic anisotropies, the demagnetization energy and the external magnetic field energy) was sufficient to interpret their experimental observations. Though, it did not allow to investigate the possibility to acoustically excite other elementary magnetic excitations such as exchange magnons [3] .
While searching for fingerprints of elastic magnon excitation, Bombeck et al. [24] reported on the magnetic-field dependence of two closely spaced frequencies in the magneto-optical response of an elastically driven 200 nm thick magnetic semiconductor (Ga,Mn)As. One of the modes was claimed to be the low-order exchange mode, but the theoretical intepretation rooted on a very specific spatial profiles of exchange magnons, strongly dependent on the unknown magnetic boundary conditions. Kim and Bigot also observed the conspicuous beating of magneto-acoustic signals in a free-standing 300 nm thick ferromagnetic nickel film [21] , but explained the beating within the framework of the magnetoacoustic coherent control of FMR excitations, i.e. without involving any exchange magnons. Clearly, there is a need for a simple and transparent theory describing the magnetoelastic generation of exchange magnons using picosecond acoustic pulses.
In this article we develop such magnetoelastic theory and predict the possibility of ultrafast magnetoelastic excitation of exchange magnons by ultrashort acoustic pulses in thin ferromagnetic films. This theory is based on the Landau-Lifshitz-Gilbert (LLG) equations where ultrashort acoustic strain pulses propagating through a ferromagnetic thin film modify its magnetoelastic energy and drive precessional dynamics of standing modes of exchange magnons, which can be also described by a simple equation of a driven harmonic oscillator.
Being applied to a 30-nm nickel film excited by picosecond pulses of longitudinal acoustic phonons, our theory demonstrates the excitation of exchange magnons with frequencies within the bandwidth of the acoustic pulses.
II. EXPERIMENTAL GEOMETRY AND MAIN EQUATIONS
Our numerical simulations are conducted for ferromagnetic nickel on which the pioneering ultrafast laser-induced demagnetization [1] and the most recent magneto-acoustic experiments [19] [20] [21] have been performed by the group of Jean-Yves Bigot. We report a numerical study of exchange magnons in a 30-nm nickel film excited by picosecond acoustic pulses. Typical experimental configuration for magneto-acoustic [19] [20] [21] and magnonic [37] measurements is presented in Fig. 1 (a) . It utilizes a rotating permanent magnet placed on the top of a ferromagnetic sample which allows to apply external magnetic field with a magnitude up to a few hundreds of millitesla at an arbitrary angle ξ with respect to the surface normal. The equilibrium direction m 0 of the magnetization vector M = M 0 m 0 is usually non-collinear with the external magnetic field due to the magnetic anisotropies and points at an angle θ with respect to the surface normal. Acoustic pulses with duration τ and spatial width c s τ smaller than the sample thickness L propagate through the film and locally alter the direction of the effective magnetic field H eff thereby driving precessional motion of the magnetization. The resulting magnetization dynamics can be represented as a sum of different magnon modes: homogeneous precession of the magnetization (FMR) and exchange-coupled non-uniform magnon modes. 
III. MAGNETIZATION DYNAMICS EXCITED BY ACOUSTIC PULSES
The Landau-Lifschitz-Gilbert (LLG) equations
represent the most common tool to model the spatio-temporal dynamics of the unit magnetization vector m (t, z) driven by the effective magnetic field H eff (z, t). Here, the α is the dimensionless phenomenological Gilbert damping parameter and γ demotes the gyromagnetic ratio. The effective magnetic field is a functional derivative of the free energy density
where M 0 is a saturation magnetization. For the purposes of this investigation we define the free density energy of a ferromagnetic thin film as a sum
which includes the Zeeman conribution
with an external magnetic field H, the demagnetizing field energy
determined by the demagnetization tensor
for a thin film geometry, the exchange energy
characterized by the exchange stiffness D, and the magnetoelastic energy
In the latter term, the magnetoelastic constant b 1 couples the normal magnetization component m z to the dynamic strain ǫ zz (t, z) propagating in the z-direction (here our consideration is limited to a single non-zero strain component ǫ zz ). While neglecting a weak dependence of the exchange stiffness D on the applied strain, here we assume that the magnetoelastic interactions are driven solely by the last time-dependent magnetoelastic term F me (z, t) in Eq. (3).
Given that the free energy density in Eq. (3) represents a superposition of different terms, the effective magnetic field in Eq. (9) also appears to be a sum of the corresponding contributions:
where H is the external magnetic field, H d is the demagnetization field, H ex is the exchange field and the time-dependent magnetoelastic field H me (t, z). After calculation of the functional derivatives from Eqs. (4), (5), (7) and (8) and their sum, we obtain the total effective magnetic field:
Now, when the driving force for the LLG equations Eq. (1) is known, we first analyze the dissipation free case, i.e. α = 0:
Second, we introduce a small dynamic perturbation |s(z, t)| ≪ |m 0 | of the magnetization vector oscillating around the equilibrium magnetization direction m 0 = (sin θ, 0, cos θ):
By substituting Eqs. (14) (15) (16) in Eqs. (10) (11) (12) (13) and keeping only the linear terms in s i , we obtain the following system of differential equations:
In real experiments, strains are usually small ǫ zz (z, t) < 0.01, which allows us also to neglect the mixed terms ∝ s i ǫ zz (z, t) in comparison with other terms linear in s i and ǫ zz and further simplify these equations to:
The magnetoelastic term ∝ b 1 sin θ cos θǫ zz (z, t) on the right-hand side of Eq. Substituting the plane waves s i = c i exp(iωt − ikz) in Eq. (20, 21, 22) , where the aforementioned time-dependent magnetoelastic driving term is neglected, leads to the following secular equation
with coefficients A ij (k) defined as:
The secular equation provides the dispersion relation for the magnon modes at the frequency ω propagating in z-direction with the wave vector k:
At k = 0 and some particular orientations of the magnetic field, i.e. in-plane versus outof-plane, this dispersion relation is reduced to well-known Kittel equations for the FMR frequency [36] . For large non-zero k, when exchange interactions dominate, the dispersion relation becomes quadratic ω(k) ∼ Dk 2 . This dispersion relation can be tuned both by the amplitude and the direction of the external magnetic field, as shown in Fig. 1 . As noted previously, the tilted orientation of the external magnetic field is crucial for magnetoelastic interactions. This is why we have conducted numerical simulations for an external magnetic field tilted by 45 • with respect to the film normal and inspected the results as a function of the magnitude of the external magnetic field.
The dependence on the external magnetic field is shown in Fig. 1(b) . For small magnetic field the magnon dispersion crosses the acoustic dispersion twice: at low frequency slightly above the FMR frequency and at very high frequency of order of several hundred GHz corresponding to large k-vectors. In strong magnetic fields the magnon dispersion is upshifted and both frequencies get closer and merge in a single point when the parabolic magnon dispersion touches the linear acoustic dispersion and the phase-matching is fulfilled over a wide range of frequencies.
In case of monochromatic excitations the analysis of phase-matching conditions would be sufficient to predict the elastically driven magnetization dynamics. However, here we consider ultrashort acoustic pulse possessing very broad frequency spectrum and propagating through a ferromagnetic samples with a thickness of a few tens of nanometers, which requires the analysis beyond the phase-matching conditions.
In a ferromagnetic film with a finite thickness, only discrete number of magnonic modes are supported and survive on a larger time scale after the excitation. These modes are created by interference of two counter-propagating spin waves with wave vectors ±k n . Discretization of k-vector is determined by the boundary conditions for the dynamic magnetization at the interfaces between the magnetic layer and the adjacent material. Without the loss of generality we choose free boundary conditions
which result in cosine-like magnon eigenmodes ∝ cos(k n z) with k n = πn/L and the dynamic magnetization
is represented as a sum over all contributing magnon modes; N is the number of modes with non-zero amplitudes used in numerical calculations. We substitute this expression in the system of equations Eq. (20, 21, 22) , where we now keep the time-dependent magnetoelastic driving force represented in a form of the Fourier series. Due to orthogonality of the magnon eigenmodes, integration of the equations over the film thickness from 0 to L leads to the system of decoupled ordinary differential equations for time-dependent amplitudes s (n) (t) of all magnon modes:
with A (n) ij = A ij (k n ). The magnetization dynamics are driven by the time-dependent Fourier components of the elastic strain pulses
The dynamic strain component ǫ zz,n acts on the n th magnon mode as an external driving force. Ultrashort, picosecond acoustic pulses with the length shorter than the film thickness produce a multitude of non-zero Fourier components. These Fourier components ǫ of phase-matching conditions between magnons and phonons can be elucidated. In this paper we are going to study a special case of a ferromagnetic thin film and it comes out that in order to excite high-frequency exchange magnons of the order n, the Fourier spectra of acoustic pulses (in k-space, along the propagation direction z) should possess non-zero components at the respective wavevector k n . As we are going to see in the next section, this condition is fulfilled for picosecond acoustic pulses generated by ultrashort laser pulses.
The system of equations (31, 32, 33) can be reduced to an equation of a harmonic oscillator for each magnon mode. Taking the time-derivative of Eq. (32) and using Eqs. (31, 33) it is easy to obtain the following equation:
where ω n = ω(k n ) = −A Integration over time leads to the usual oscillator equation:
By adding the damping term and the explicit expression for A (n) 32 from Eq. (27) we arrive at the most important analytical equation in this paper:
The magnon decay constant αω n , determined by the Gilbert damping parameter α, is included in a phenomenological way based on the fact that the magnon lifetime 1/(αω n ) is inversely proportional to its frequency, this scaling verified up to the THz frequencies [30] .
In spite of some possible deviations of this approximation for the in-plane geometry of the external magnetic field, this approximation appears to be accurate for high frequency exchange magnons under the tilted magnetic field [37] . The time-dependent driving force on the right hand side displays a non-trivial dependence both on the tilt angles θ and ξ as well as the magnon order n. Moreover, this equation as well as the entire theory are valid for arbitrary acoustic strains ǫ zz (z, t).
IV. RESULTS OF NUMERICAL SIMULATIONS
Here we apply the developed theory to calculate the magnetization dynamics in a polycrystalline nickel film induced by picosecond acoustic pulses. Since the frequency interval between the neighbouring magnon modes is mainly determined by the film thickness and their widths in the Fourier spectra are given by inverse lifetimes, here we consider a rather are multiplied by exp(−αω n ∆t) providing magnon life times nearly identical to those obtained from the numerical solutions of the LLG equations (1) . In order to calculate the magnetization dynamics m i (z, t), we are summing up over all magnon modes using Eq. (30) truncated at N=20 as the amplitudes of higher magnon modes are negligibly small for all simulations discussed in this manuscript. For numerical calculations for ferromagnetic nickel we used nickel the Gilbert damping parameter α = 0.05 [3] and magnetoelastic coupling constant b 1 = 10 7 J/m 3 [38] .
Being aware of the importance of the acoustic bandwidth from the analysis of Eqs. (31) (32) (33) , we have performed the numerical simulations for three values of the acoustic pulse duration: 1, 2 and 3 ps corresponding to their spatial width in nickel of 5.6, 11.2 and 16.8 nm, respectively. Ultrashort acoustic pulses with 2-3 ps duration can be routinely generated in thin metal samples excited by femtosecond laser pulses [33, 34, 39] . Even shorter acoustic pulses with ultimate pulse durations in the deeply subpicosecond range have been observed in form of acoustic solitons resulting from the nonlinear propagation effects of ultrashort acoustic pulses in crystalline solids at cryogenic temperatures [40] . Whereas subpicosecond soliton strains can get as high as 2 × 10 −3 , acoustic pulses generated in ferromagentic thin films can reach 10 −2 = 1% amplitudes [34] . As such, large amplitude ultrashort acoustic pulses can be routinely obtained in every laboratory for femtosecond laser spectroscopy.
At present we do not discuss the details of acoustic injection in a ferromagnetic thin film and just assume it is sandwiched between two acoustically matched nonmagnetic materials allowing for an ultrashort acoustic pulse to be injected through the front interface (z=0) at zero time and leave it through the back interface (z = L) 5.4 picoseconds later. We have analyzed the magnetization dynamics at both interfaces for different amplitudes of the external magnetic field. In case of a thin sample, the magnon dynamics at both interfaces are quite similar. For this reason, in this paper we focus on the data obtained for the normal component of the magnetization s z (t) at the back interface and their Fourier spectra calculated for three acoustic pulse durations τ =1, 2 and 3 ps (with pulse shapes given by a half of the period of the cosine function) and four values of an external magnetic field of 0.3, 1, 3, and 6.5 Tesla, respectively (see Fig. 2 ). For small value of the magnetic field µ 0 H = 0.3 T the Fourier spectra for all three pulse durations consist of a strong FMR peak at 11.6 GHz frequency and high-frequency magnon peaks. Being much weaker as compared to the FMR, the peaks for two lowest exchange modes at f 1 =24.2 GHz and f 2 =59.2 GHz Fig. 1(b) showing that the magnon dispersion crosses the phonon dispersion precisely at the frequency of the first magnon mode, i.e. the phonon- Fig. 1(b) at small magnetic fields. These high frequency magnons are characterized by a higher group velocity. Therefore they arrive at the back interface earlier than the acoustic pulse that has generated them. This interpretation is consistent with the results for higher magnetic fields. Notably at µ 0 H = 6.5 T the entire magnetization dynamics can be seen as a chirped magnon pulse consisting of the high frequency components arriving at short delay times and low frequency components arriving later.
The role of the acoustic pulse duration becomes evident from an obvious visual correlation of the excited magnon spectra and the Fourier spectra of ultrashort acoustic pulses marked as colored shaded area on the right hand side of Fig. 3 : the shorter the pulses the broader their spectrum, the more efficiently they excite high frequency magnons. As discussed earlier, this conclusion is in line with the results of our analytical considerations suggesting that the external driving force for magnons is proportional to the Fourier component of an acoustic pulse at the magnon frequency. At this point it is worth mentioning that the dependence of FMR amplitude on the acoustic pulse duration is opposite: longer acoustic pulses possess a larger pulse area [41] resulting in a larger amplitude of an acoustically generated FMR precession. This behavior is evident in the Fourier spectra of Fig. 2 , both for the FMR and low-frequency exchange magnons.
V. SUMMARY AND CONCLUSIONS
The main result of this paper is that ultrashort acoustic pulses propagating through thin ferromagnetic samples must excite not only the FMR precession but also high-order exchange magnons falling within the spectral bandwidth of acoustic pulses. Although the efficiency of magnon excitation is naturally enhanced when phonon-magnon phase-matching conditions are fulfilled, our simulations show that exchange magnons with measurable amplitudes get excited even when phonon and magnon dispersion do not cross. It is rather the acoustic bandwidth than phase matching that determines the excitation efficiency of exchange magnons.
The optimum conditions for ultrafast magnetoelastic generation of exchange magnons can be elucidated from systematic numerical simulations as a function of multiple physical parameters such as the exchange stiffness, Gilbert damping, sample thickness, acoustic pulse duration etc. Such analysis could be quite helpful in a view of the experiments evidencing an ultrafast optical excitation of the exchange magnons in ferromagnetic thin films [3, 37] , where possible contributions of magnetoelastic excitation of exchange magnons are masked by the dominant mechanism of ultrafast demagnetization [1] . Applications of our simple theory to the experimental investigations on thick ferromagnetic films, characterized by a quasi-continuous magnon spectrum and suggesting the physical interpretation in terms of propagating magnon pulses, can be envisaged [21, 24] .
